Abstract-Simultaneous multiuser beamforming in multiantenna downlink channels can entail dirty paper (DP) precoding (optimal and high complexity) or linear precoding (suboptimal and low complexity) approaches. The system performance is typically characterized by the sum capacity with homogenous users with perfect channel state information at the transmitter. The sum capacity performance analysis requires the exact probability distributions of the user signal-to-noise ratios (SNRs) or signal-to-interference plus noise ratios (SINRs). The standard techniques from order statistics can be sufficient to obtain the probability distributions of SNRs for DP precoding due to the removal of known interference at the transmitter. Derivation of such probability distributions for linear precoding techniques on the other hand is much more challenging. For example, orthogonal beamforming techniques do not completely cancel the interference at the user locations, thereby requiring the analysis with SINRs. In this paper, we derive the joint probability distributions of the user SINRs for two orthogonal beamforming methods combined with user scheduling: adaptive orthogonal beamforming and orthogonal linear beamforming. We obtain compact and unified solutions for the joint probability distributions of the scheduled users' SINRs. Our analytical results can be applied for similar algorithms and are verified by computer simulations.
I. INTRODUCTION

I
N a downlink multiuser multiple-input single-output (MISO) system where a base station (BS) equipped with M antennas communicates with K single-antenna users, theoretical results demonstrate that the sum capacity scales linearly with min{K, M }. In particular, if perfect channel state information (CSI) is available at BS, it has been shown that a method based on dirty paper coding (DPC) achieves the channel capacity [1] . The implementation of the DPC technique is a challenging task for the present as it requires complicated coding operations and an exhaustive search to schedule an optimal set of users when K > M . Alternative Manuscript received January 11, 2012; revised September 14, 2012; accepted October 30, 2012. The associate editor coordinating the review of this paper and approving it for publication was X. Dong.
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linear precoding techniques in the form of multiuser beamforming (BF) at BS (as known as space-division multiple access) can be employed to serve users separately where each scheduled user's data stream is individually encoded and multiplied by a special BF weight vector. Despite independent encoding among users, the computation of the optimal BF weight vectors and user scheduling can still be problematic. A number of suboptimal BF methods combined with user scheduling have been proposed to handle user scheduling and BF weight vector design problems jointly at relatively low complexity [2] - [6] . The suboptimal schemes in [3] - [6] have been shown to achieve a significant portion of the DPC sum capacity. A joint BF and user scheduling scheme (OLBF) with a complexity of O(M 2 K) has been described in [5] and shown to outperform the zero-forcing based scheme of [4] in the sum rate sense at low signal-to-noise ratio (SNR) values for low to moderate number of users. A similar scheme has been reported in [6] with a higher complexity of O(M 3 K) where the joint determination of BF weight vectors and user scheduling is carried out in a sequential manner. This scheme (adaptive OBF) has been shown to yield an increased sum rate performance as compared to the scheme of [5] . An important advantage of using orthogonal BF weight vectors is that it allows the scheduler to easily express and compute exact signal-to-interference plus noise ratio (SINR) values during user scheduling process [6] .
The standard techniques from order statistics can be sufficient to obtain probability distributions of SNR values and the sum capacity performance for DPC-based precoding schemes due to the removal of known interference and use of suboptimal but effective user selection algorithms [4] . Most of the performance analysis studies on more practical multiuser BF algorithms are on the other hand based upon asymptotic analysis. An exact statistical analysis is essential to gain a complete insight into the system performance and to analytically determine some useful parameters [7] - [9] . The difficulty with the performance analysis of linear precoding schemes with user scheduling mainly arises from the fact that user ordering changes the statistics of the users making it quite complicated to express mathematically. Also, depending on the selection procedure, a decision at any point during user scheduling can deeply alter the statistics of the previously scheduled users [9] . A multiuser BF scheme with a greedy user selection algorithm has been analyzed in [4] . This scheme combines scalar DPC with linear precoding to completely suppress the 1536-1276/12$31.00 c 2012 IEEE interference at the transmitter. Using conditional probability density function (PDF) expressions, the authors provide a compact solution for the marginal PDFs of the scheduled users' channel gains. Note that even in this no-interference case, a direct approach with conditional distributions requires complicated algebraic operations to find a general formula. In [10] , a joint user scheduling and BF algorithm relied on orthogonal BF and limited feedback is analyzed. The asymptotic sum rate scaling laws are obtained assuming an asymptotically large number of users. Another low-complexity suboptimal scheme where orthogonal BF weight vectors are formed in a random manner is analyzed in [11] . The authors present exact results for the PDFs of the selected users' SINRs.
In this paper, we develop statistical tools for analyzing the sum rate performance of two multiuser orthogonal BF algorithms by assuming single-antenna users and perfect CSI at the transmitter. By approaching the problem from a different angle than the previous approaches, we derive an exact and general result from order statistics on the joint PDF of scheduled users' SINRs for a given orthogonal BF algorithm combined with a greedy user scheduling technique. Our approach is built upon the joint PDF of unordered SINRs with random user selection where the orthogonality of BF weight vectors facilitates the analysis. The difference from the work in [11] is that our result is given for general greedy user scheduling algorithms under certain conditions. We apply this result specifically to adaptive OBF and OLBF to find compact and unified solutions for the joint PDF of the scheduled users' SINRs. We verify our analysis with numerical results.
Notation: We use uppercase and lowercase boldface letters to represent matrices and vectors, respectively. The operators E[.], (.) H , |.|, . , Pr(.), \, and ∪ denote expectation, Hermitian transpose, cardinality (absolute value for scalars), Euclidean norm, probability, set difference, and set union, respectively. Also, A(:, n) and A(:, 1 : n) represent a vector equal to nth column of the matrix A and a matrix comprised of first n columns of the matrix A, respectively. We refer to the joint PDF of {α 1 , . . . , α n } by f (α 1 , . . . , α n ) with f (α 1 = a 1 , . . . , α n = a n ) representing the joint PDF of {α 1 , . . . , α n } evaluated at {a 1 , . . . , a n }. Additionally, F βn (β 1 , . . . , β n ) denotes the joint cumulative distribution function (CDF) of {β 1 , . . . , β n } and F βn (b 1 , . . . , b n ) is the joint CDF of {β 1 , . . . , β n } evaluated at {b 1 , . . . , b n }.
The rest of the paper is organized as follows: Section II presents the system model and a key result for statistical analysis of the joint orthogonal BF and user scheduling algorithms under certain conditions is derived from order statistics in Section III. As applications of this result, Sections IV and V are dedicated to the statistical analysis of adaptive OBF and OLBF, respectively. Numerical results are presented in Section VI and Section VII concludes the paper.
II. SYSTEM MODEL
A single cell MISO broadcast channel with M antennas at BS and K (K ≥ M ) single-antenna users is considered where the total available transmit power is given by P . Assuming perfect CSI and equal power allocation among the scheduled users at BS, the received signal at ith scheduled user d ki can be expressed as follows
M×1 is the unit-norm beamforming weight vector, l ki ∈ C is the unit-norm transmitted data symbol, and e ki ∈ C is additive white Gaussian noise with zero mean and unit variance for ith scheduled user, respectively. In (1), the set of scheduled users is denoted by U n where the number of scheduled users is given by |U n | = n. We assume slow flat fading and a homogeneous network where the elements of h k (kth user's channel vector with k ∈ {1, 2, . . . , K}) are independent and identically distributed (IID) zero-mean complex Gaussian random variables with unit variance.
III. A NEW LOOK AT ORDER STATISTICS FOR STATISTICAL ANALYSIS OF JOINT GREEDY USER SCHEDULING AND ORTHOGONAL BEAMFORMING ALGORITHMS
In this section, we obtain a key result from order statistics on the joint PDF of scheduled users' SINRs for a given greedy user scheduling and orthogonal BF algorithm. We assume that r users with {K, M } ≥ r ≥ 2 are sequentially scheduled based on their SINRs, i.e., user with the maximum SINR is scheduled at each step. The scheduled users' SINRs are denoted by {y 1 , y 2 , . . . , y r }. In order to find the joint PDF of {y 1 , y 2 , . . . , y n } for n ∈ {1, 2, . . . , r}, we first form the joint PDF of unordered SINRs temporarily ignoring ordering among users due to user scheduling where we assume each candidate user has the same likelihood to be selected at each step (random user selection). This is given by f (v k1 , v k2 , . . . , v kn ) for a certain set of rules (or region) denoted by S k for kth user and can be obtained under a certain unitary transformation. The variable v kj represents resulting SINR when kth user (k ∈ {1, 2, . . . , K}) is scheduled at jth step (j ∈ {1, 2, . . . , n}) when no ordering is applied at any step. Also, {v k1 , v k2 , . . . , v kn } represent the candidacy SINR of kth user at the steps {1, 2, . . . , n}, respectively. The set of rules S k depends on the algorithm, e.g.
We can write the following composite joint PDF including all K users as
where independence among K joint PDFs stems from no ordering assumption. Now, we take the user ordering (due to user scheduling) into account by initially assuming that v 11 is scheduled at the first step, i.e., y 1 
It is worth to mention that v 11 and {v k1 } K k=2 are no longer independent. In a similar way, we assume that v 22 is scheduled at the second step, i.e., y 2 = v 22 = max k≥2 v k2 . Note that due to the first scheduling step, the variables with the subscript k = 1 are disregarded for the subsequent steps. Repeating this scheduling process for n steps and applying Bapat-Beg theorem from order statistics [12] , the new composite joint PDF can be written as
with
(4) In (3), K!/(K −n)! is the number of different n−permutations that can be selected out of K users. Consequently, the joint PDF of {y 1 , y 2 , . . . , y n } can be obtained from
where the integration region S C is defined by union of S 1 , S 2 , . . . , S K , and ∪ n i=1 R i . Substituting (3) and (4) into (5) and applying some manipulations, we can write
where φ 1 (y 1 ) = f (v 11 = y 1 ) and
. . , y n ) represents the joint CDF of {v k1 , v k2 , . . . , v kn } evaluated at {y 1 , y 2 , . . . , y n }. In fact, one can use (6) for any joint greedy user scheduling and orthogonal BF algorithm with homogeneous users as long as a composite joint PDF expression can be written as in (2) and scheduled user's SINR at a given step is not affected from the subsequent steps.
IV. ADAPTIVE ORTHOGONAL BEAMFORMING WITH USER SELECTION
We first apply the order statistics strategy described in the previous section to adaptive OBF algorithm [6] . An outline of adaptive OBF is provided in Table I . From the set of K users, the first user is scheduled in such a way that it has the largest channel gain (multiuser diversity) and h k1 = h k1 / h k1 is assigned as its BF weight vector. Then, nth scheduled user is determined by maximizing SINR metric, which is calculated using the orthogonal projection of the candidate user's channel vector onto the null space of the previously scheduled users' Step 1) Select the first user as k 1 = arg max k∈{1,...,K} h k 2 and set U 1 = {k 1 },
, and calculate C(U 1 ).
Step 2) While n < M a) Increase n by one and set SINRmax = 0.
Un = U n−1 ∪ {kn}, and calculate C(Un).
, decrease n by 1 and go to step 3.
Step 3) The set of scheduled users is Un and the corresponding BF weight vectors are the ordered columns of W.
BF weight vectors. The sum rate corresponding to nth step is denoted by C(U n ) and can be expressed as follows
where
with p 2 k1 = 1 and
Additionally, W denotes the beamforming weight matrix with w ki as its ith column and h ki = h ki / h ki denotes the normalized channel vector of ith scheduled user.
If we have C(U n ) ≤ C(U n−1 ) at any step, the algorithm terminates with the set of scheduled users U n−1 and the corresponding BF weight matrix. Despite not being a part of the original algorithm in [6] , it allows one to adaptively choose the number of scheduled users to maximize the sum rate.
A. Performance Analysis
In this section, we obtain PDF expressions for the scheduled users' SINR values. The number of scheduled users is a random quantity. However, for the sake of simplicity, we assume that the number of scheduled users equals r with r ∈ {1, . . . , M } and denote SINR of nth scheduled user by y n where n ∈ {1, . . . , r}. Note that the analysis presented here provides PDF expressions for the original adaptive OBF algorithm given in [6] when r = M . A direct approach for deriving PDFs of the scheduled users' SINRs can be calculating the PDF of the first scheduled user's SINR in the first place, and then, using conditional PDF expressions, to try to determine the PDF of the second scheduled user. However, this approach turns out to be quite complicated to generalize beyond the second step. A scheduling algorithm with interference cancellation is analyzed using this approach in [4] . Even in this simpler case, it requires complicated algebraic operations to generalize. On the other hand, we approach the problem from a different perspective by using unordered SINRs and obtain the joint PDF of all scheduled users' SINRs at once. Define unordered SINR v n at nth scheduling step as the one when no user ordering is applied:
for n = 1,
where the columns of M -by-(n−1) matrix P n (n ≥ 2) are BF weight vectors of previously scheduled users (P H n P n = I n−1 ) without ordering and do not depend on h n . Since h n has an isotropic distribution, we can apply a unitary transformation on h n without changing its statistics. Assume a M -by-M unitary matrix as [P n null(P n )] with the M -by-(M − n + 1) matrix null(P) representing the null space of P 1 . If we apply this transformation above [13] , we get
(7) Let {x 1 , . . . , x r } be independent random variables with {x 1 , . . . , x r−1 } being exponentially distributed random variables and x r denoting a chi-squared random variable with 2(M − r + 1) degrees of freedom. Then, using (7), we can write unordered SINRs as
In (8), {x 1 , . . . , x r } have the following joint PDF
for {x 1 , . . . , x r } ≥ 0 where Γ(s) denotes the gamma function [14] . We need the joint PDF of unordered SINRs. Thus, with the help of (8), we can derive the following transformation:
with the Jacobian determinant given by
Consequently, the joint PDF of {v 1 , . . . , v r } can be written as [15] 
The matrix null(Pn) has orthonormal columns that complement the subspace spanned by the columns of P.
The joint PDF of {v 1 , . . . , v n } for n ∈ {1, . . . , r} can be found by integrating out {v n+1 , . . . , v r } as
Note that the preceding expression is the joint PDF of the resulting SINRs when the user selection algorithm in Table I is replaced by a random user selection technique. In order to obtain the PDF expressions of the scheduled users, we make use of the following theorem [16] . This enables us to succinctly write the SINR of nth scheduled user, i.e., y n , as a function of unordered SINRs.
Theorem 1: The joint PDF of {y 1 , y 2 , . . . , y n } can be expressed as
for y 1 ≥ . . . ≥ y n ≥ 0 and n ∈ {1, . . . , r}. In (14), we have
and ϕ n (y n , y n−1 , . . . , y 1 )
which can be evaluated in closed-form for any n. A similar proposition is made in [4] with a lengthy proof. It can be considered as a special case of the result given in Section III.
Proof: See Appendix A. The marginal PDF of y n can be obtained as
for y n ≥ 0. The average sum rate can be calculated as
1) Example:
While the above theorem and the joint PDF of unordered SINRs in (13) can be applied for any number of scheduled users, we demonstrate the application of the tools developed above for the first three scheduled users. Let us assume that r out of K users are scheduled with {K, M } ≥ r ≥ 3. Evaluating (15) and (16) for n = 1 and n = 2, we get
for positive integer s values [14] . We can write ϕ 3 (y 3 , y 2 , y 1 ) in closed-form as given in (18) 19) at the bottom of this page where the derivation is based on the binomial expansion formula [14] and omitted for the simplicity. Finally, the joint PDF of the first three scheduled users' SINRs can be written as
for y 1 ≥ y 2 ≥ y 3 ≥ 0. The closed-form expressions for the marginal PDFs of y 1 and y 2 can be found in [16] and the marginal PDF of y 3 can be obtained either analytically or using numerical integration techniques. The analytically obtained PDF expressions are plotted in Fig. 1 together with the corresponding simulated histograms for P = 15 dB and K = 10. Two different M values, namely M = {2, 3}, are used with r = M and the simulated results 
V. ORTHOGONAL LINEAR BEAMFORMING WITH USER SELECTION
Another orthogonal BF algorithm (OLBF) has been proposed in [5] and shown to achieve similar performance in low SNR regime with a lower complexity as compared to
adaptive OBF. Akin to adaptive OBF, OLBF schedules the first user in such a way that it has the largest channel gain and h k1 = h k1 / h k1 is assigned as its BF weight vector. Then, applying Gram-Schmidt orthogonalization process to h k1 , (M − 1) orthonormal BF weight vectors are obtained. Assignment of these (M − 1) BF weight vectors to users is outlined in Table II . For each BF weight vector, the user with highest SINR is scheduled from the set of candidate users in a sequential manner. Note that when the number of scheduled users is less than M where the set of BF weight vectors does not span M dimensional space, the SINR expression used in Table II becomes a lower bound for the original SINR. Hence, in the following analysis, we assume that the number of scheduled users is equal to M (r = M ) as given for the original OLBF algorithm in [5] .
A. Performance Analysis
In this section, the result of Section III is used for statistical analysis of OLBF algorithm. Integral evaluations are mainly based on the binomial expansion formula [14] and the expansion of the upper incomplete gamma function in (17) , hence omitted for the sake of simplicity. Similar to Section IV, we define unordered SINR v n at nth scheduling step as the one when no user ordering is applied. From Table II , one can write
where the columns of M -by-(M − 1) matrix P n are BF weight vectors of (M − 1) scheduled users other than nth one without user ordering (P
. Applying a unitary transformation as [P n null(P n )] on h n above (without affecting its statistics), we can write
(21) Defining {x 1 , . . . , x M } as IID exponentially distributed random variables and using (21), we can write
(22) The joint PDF of {x 1 , . . . , x M } is given by
for {x 1 , . . . , x M } ≥ 0. Solving for x n , we get
with the following Jacobian determinant
Consequently, the joint PDF of {v 1 , . . . , v M } can be written as [15] 
Step 2) Compute (M − 1) orthonormal basis vectors spanning the null space of h k 1 and form a matrix W 2 as these basis vectors being its columns.
Step 3) While n < M a) Increase n by one and set SINRmax = 0.
Step 4) The set of scheduled users is U M and the corresponding BF weight vectors are the ordered columns of
. For more than two scheduled users, the approach used for the statistical analysis of adaptive OBF in Section IV cannot be directly applied in the same manner for OLBF. Difficulty comes from the fact that the sorting among the random variables in (26) is not simple and it is quite involved to evaluate the CDF F vM (v 1 , v 2 , . . . , v M ) at {y 1 , y 2 , . . . , y M } given in (6) . For instance, the sorting rule can be written as
when M = 3. Even in this case, it is cumbersome to analytically evaluate F v3 (v 1 , v 2 , v 3 ) at {y 1 , y 2 , y 3 }. In order to address this issue, we apply a one-to-one transformation on each unordered SINR to obtain a simpler sorting rule among the variables. Representing these new variables by z n for n ∈ {1, . . . , M }, the transformation from v n to z n is given by
With this transformation, the new sorting rule can be written as
for all n. Using (26) and (27), the joint PDF of {z 1 , z 2 , . . . , z M } can be found to be [15] f (z 1 , z 2 , . . . , z M ) = e
Similarly, the joint PDF of {z 1 , z 2 , . . . , z n } can be found to be f (z 1 , z 2 , . . . , z n ) = e
and n ∈ {1, 2, . . . , M }. We represent transformed SINR of nth scheduled user by t n when the corresponding unordered SINR expression is given by z n . Hence, the original SINR of nth scheduled user is given by y n = t n /(1 − t n ) and can be obtained by a simple change of variables. The following theorem provides a compact solution on the joint PDF of {t 1 , t 2 , . . . , t n }.
Theorem 2: The joint PDF of {t 1 , t 2 , . . . , t n } with n ∈ {1, 2, . . . , M } can be written as
with 0 ≤ {t 2 , . . . , t n } ≤ t 1 ≤ 1. In (30), F zn (t 1 , t 2 , . . . , t n ) is the CDF of {z 1 , z 2 , . . . , z n } evaluated at {t 1 , t 2 , . . . , t n }, ξ 1 (t 1 ) = f (z 1 = t 1 ), and
where f (z 1 , z 2 , . . . , z k ) is the joint PDF of {z 1 , z 2 , . . . , z k } with k ∈ {1, 2, . . . , n}. The integration region R ξ k is given by union of the regions represented by
Proof: This theorem can be directly obtained from the result of Section III. For transformed SINRs defined above, the PDF expressions in (2) and the CDF expressions in (6) are independent of k. Combining the CDFs into a single term and applying a change as φ k (t k , t k−1 , . . . , t 1 ) → ξ k (t k , t k−1 , . . . , t 1 ) in (6), the result given in (30) can be obtained.
In order to utilize Theorem 2, we need to express CDF of {z 1 , z 2 , . . . , z n }. This has multiple segmentations for n ≥ 3 and can pose high complexity for higher values of n. In fact, when n = 4, there are eleven segments that one needs to consider separately. Here, we note the similarity of the region the random variables in (29) are defined to a Dirichlet distribution [17] . In [18] , the high complexity involved in evaluation of a high dimensional multivariate CDF is addressed in a Dirichlet distribution context. Using the inclusion-exclusion principle [12] with an earlier result on multivariate Dirichlet distribution [19] , the authors develop a recursive technique that allows the high dimensional multivariate CDF expression to be represented by marginal CDFs of individual variables. In the following, we apply the technique described in [18] with some manipulation for the calculation of F zn (t 1 , t 2 , . . . , t n ). When F zn (t 1 , t 2 , . . . , t n ) can be calculated for any n value and the derivation is deferred to Appendix B. Let the survival function [17] of {z 1 , z 2 , . . . , z n } be defined as Fig. 2 . Illustration of the inclusion-exclusion principle for n = 3 where the shaded areas refer to integration regions.
It is worth to mention that this survival function is not the complementary CDF of {z 1 , z 2 , . . . , z n } evaluated at {t 1 , t 2 , . . . , t n }. Assuming 0 ≤ {t 1 , t 2 , . . . , t n } ≤ 1, we first calculate the CDFs of z 1 and {z 1 , z 2 } together with the survival function of {z 1 , z 2 } as
and F z2 (t 1 , t 2 ) = F z1 (t 1 ) − F z2 (t 1 , t 2 ). Second, we obtain the CDF and survival function of {z 1 , z 2 , z 3 } as
and
respectively. Using the fact that z 2 + z 3 ≤ z 1 from (29), F z3 (t 1 , t 2 , t 3 ) = Pr (z 1 ≤ t 1 , z 2 > t 2 , z 3 > t 3 ) can be determined to be equal to zero when t 1 < t 2 + t 3 . In Fig. 2 , the inclusion-exclusion principle used in (32) is illustrated for n = 3. The shaded areas represent the integration regions for the evaluation of the CDF at {t 1 , t 2 , t 3 }. Proceeding same way as above, we can compute F zn (t 1 , t 2 , . . . , t n ) for any n with n ∈ {3, . . . , M } in a recursive manner as given in (34) on the next page [17] , [18] . Theoretically, one can calculate F zn (t 1 , t 2 , . . . , t n ) and F zn (t 1 , t 2 , . . . , t n ) for any dimensions. Below, we use the preceding procedure to find the joint PDF of the first three scheduled users' SINRs.
1) Example:
We present an application of the general result given in Theorem 2 for the first three scheduled users' SINRs for any K ≥ M ≥ 3. We have ξ 1 (t 1 ) and ξ 2 (t 2 , t 1 ) given by
.
For ξ 3 (t 3 , t 2 , t 1 ), we have two upper bounds on z 2 as 0 ≤ z 2 ≤ {t 2 , t 1 − t 3 }. Consequently, one can write
where η(.) is given in (36) as a double-column equation. Using (32), F z3 (t 1 , t 2 , t 3 ) can be expressed as
and F z2 (t 1 , t 2 ) is given in (39) at the bottom of this page. Finally, the joint PDF of {t 1 , t 2 , t 3 } can be obtained by substituting F z3 (t 1 , t 2 , t 3 ), ξ 1 (t 1 ), ξ 2 (t 2 , t 1 ), and ξ(t 3 , t 2 , t 1 )
F zn−1 (t 1 , t i1 , . . . , t in−2 ) for t 1 < t 2 + t 3 + . . . + t n , (34) in (30) with n = 3. This is given by
with 0 ≤ {t 2 , t 3 } ≤ t 1 ≤ 1 where F z3,t1≥t2+t3 (t 1 , t 2 , t 3 ) and F z3,t1<t2+t3 (t 1 , t 2 , t 3 ) refer to two segments involved in the evaluation of F z3 (t 1 , t 2 , t 3 ) for t 1 ≥ t 2 + t 3 and t 1 < t 2 + t 3 , respectively. At this point, we can first obtain the marginal PDF of t n and then apply the inverse of the transformation given in (27) to get the marginal PDF of the actual SINR y n . Other possibility is to obtain the joint PDF of actual SINRs through the same transformation:
with 0 ≤ {y 2 , y 3 } ≤ y 1 [15] . The corresponding average sum rate can be expressed as
The PDF expressions of the second and third scheduled users are illustrated in Fig. 3 together with the corresponding simulated histograms for P = 15 dB and K = 10. The simulated results are based on 10 5 realizations and two M values of M = {2, 3} are used with the number of scheduled users being equal to M . The strong match between analytical and simulated results validates the accuracy of the analysis above. 
VI. NUMERICAL RESULTS
This section illustrates the sum rate performance of adaptive OBF and OLBF algorithms by computer simulations and analytical results. We also compare these two orthogonal BF schemes with two other well-known multiuser BF algorithms. The first one is greedy zero-forcing dirty paper coding (ZF DP) algorithm under uniform power allocation and is used as a benchmark scheme. Greedy ZF DP is a combination of scalar dirty paper coding and BF at the transmitter to yield interference-free users [20] , [21] . It has been shown to attain the same slope of sum rate increase with transmit power in dB as the capacity-achieving DPC [4] . The other scheme used is based on zero-forcing BF and called zero-forcing BF with greedy user selection (ZFS) [4] . In order to make a fair comparison, we assume that the number of scheduled users is M for all four schemes. The average sum rate is depicted with respect to K with M = 3 and P = {0, 10} dB in Fig. 4 . For P = 10 dB, adaptive OBF and OLBF yield sum rates that are more than 75% and 65% of greedy ZF DP sum rate, respectively. The sum rate loss against greedy ZF DP is smaller for P = 0 dB where the sum rates of adaptive OBF and OLBF are more than 90% and 80% of greedy ZF DP sum rate, respectively. For P values around 0 dB, one can use either of the low complexity algorithms adaptive OBF or OLBF without losing much in terms of sum rate performance. Most importantly, the simulated and analytical curves are on top of each other verifying the accuracy of the analytical derivations. In Fig. 5 , we plot the average sum rate for M = {2, 4} and varying P where the number of users is chosen as K = M . Note that adaptive OBF and OLBF become identical for M = 2 under this setting. In this scenario, two orthogonal BF schemes outperform ZFS for most of the plotted P range. The performance gap can be attributed to the better control of multiuser interference by orthogonal BF schemes [5] . Also, adaptive OBF yields better performance as compared to OLBF under this setting. 
VII. CONCLUSION
In this paper, we investigate a statistical analysis for the sum rate performance of two orthogonal BF schemes, each one of which carries out user scheduling and computation of BF weight vectors in conjunction. Multiuser BF algorithms combined with non-random user scheduling techniques are generally difficult to analyze as ordering among the user SINRs make it intractable to derive marginal PDFs of the scheduled users' SINRs by standard approaches using conditional PDFs. By taking a fresh look at the problem, we have derived a general result from order statistics on the joint PDF of scheduled users' SINRs under a certain scheduling algorithm with some definite properties. This result has been specifically applied to two orthogonal BF schemes, namely adaptive OBF and OLBF, to find compact solutions for the joint PDF of the scheduled users' SINRs. In particular, we have obtained closed-form expressions for the first three scheduled users for both schemes. Our key finding is to demonstrate the relation between the probability distribution functions in unordered and ordered SINR cases. Evaluation of the CDF of unordered SINRs has been shown to be instrumental for analysis and a recursive technique has been developed to evaluate the CDF in OLBF case. Finally, we have verified our analysis with numerical results. The presented analysis can also be applied for similar algorithms.
APPENDIX A PROOF OF THEOREM 1
We resort to the result of Section III. In order to evaluate the integral φ k (y k , y k−1 , . . . , y 1 ) in (6), we need the region defined by S k . For adaptive OBF, this is given by
for all k ∈ {1, 2, . . . , K}. Using this together with (4), φ k (y k , y k−1 , . . . , y 1 ) can be written as
for k ∈ {2, . . . , n}. Note that due to the assumption that the network consists of homogeneous users, the PDF f (v k1 , v k2 , . . . , v kn ) in (2) is independent of k. Also, (K − n) CDF expressions inside the second parentheses in (6) are identical. Consequently, the joint PDF of {y 1 , y 2 , . . . , y n } can be written as
(44) Using (4) and (42) together with (13), the CDF expression in (44) can be evaluated as
where we apply a change of variables as v n = α. Using (43) and (45) in (44) with a change of function names as φ → ϕ yields the desired result given in (14) .
APPENDIX B EVALUATION OF F zn (t 1 , t 2 , . . . , t n ) FOR t 1 ≥ t 2 +t 3 +. . .+t n For t 1 ≥ t 2 +t 3 +. . .+t n , F zn (t 1 , t 2 , . . . , t n ) can be written as
A direct closed-form solution for the above integral is rather complicated to derive. The difficulty occurs due to the fact that the inner-most integral is with respect to z 1 . Instead of directly solving this integral, we change the integration order such that z 1 is the last integration variable and apply the inclusion-exclusion principle as similar to Section V.
For t 1 ≥ t 2 + t 3 + . . . + t n , we define W n (z 1 , t 2 , . . . , t n ) and W n (z 1 , t 2 , . . . , t n ) as W n (z 1 , t 2 , . . . , t n ) = Pr (z 1 , z 2 ≤ t 2 , z 3 ≤ t 3 , . . . , z n ≤ t n ) and W n (z 1 , t 2 , . . . , t n ) = Pr (z 1 , z 2 > t 2 , z 3 > t 3 , . . . , z n > t n ). 
Using the inclusion-exclusion principle [11] , we can express W n (z 1 , t 2 , t 3 , . . . , t n ) and W n (z 1 , t 2 , t 3 , . . . , t n ) in a recursive manner for any n with n ∈ {3, . . . , M } as given in (50) and (51). The integral in the first line in (50) can be solved by substituting (29). The closed-form solution is given in (52) which can be integrated over z 1 by applying a change of variables and using the binomial expansion formula [14] . The domain of the integration is given by [t 2 + t 3 + . . . + t n , t 1 ]. The recursive structure presented above can be utilized to write W n (z 1 , t 2 , . . . , t n ) with n ∈ {4, . . . , M } in terms of (52), f (z 1 ), W 2 (z 1 , t i ), and W 3 (z 1 , t j , t k ). Consequently, to evaluate F zn (t 1 , t 2 , . . . , t n ) for t 1 ≥ t 2 + t 3 + . . . + t n , we only need to calculate the integrals of these simpler expressions over z 1 which can be evaluated by taking the segmentations of z 1 into account. As an example, the closed-form solution of F z3 (t 1 , t 2 , t 3 ) for t 1 ≥ t 2 + t 3 , i.e, z1 W 3 (z 1 , t 2 , t 3 )dz 1 , is given in (53) at the top of the next page. In the same manner, using (50), (51), and (52), F zn (t 1 , t 2 , . . . , t n ) for t 1 ≥ t 2 + t 3 + . . . + t n can be evaluated for any n in an exact closed-form. W n−1 (z 1 , t i1 , . . . , t in−2 ) for z 1 < t 2 + t 3 + . . . + t n , 
+(−1)
n−1 W n (z 1 , t 2 , . . . , t n ) for z 1 ≥ t 2 + t 3 + . . . + t n , 0 for z 1 < t 2 + t 3 + . . . + t n . 
